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DISSECTION OF POL YGONS* 

F .A. Pi wnicki 

INTRODUCTION 

The problem of transformation of geometrical figures by cutting 
(or dissection) has existed since antiquity. The ancientGreeks discovered 
some simple dissections, but it was Abu al-Wafa' (940-998 A.D.), a 
Persian mathematician and astronomer, who wrote the first treatise on 
the subject. His book was designed for technicians, particularly 
architects. 

In recent times, manytreatises on this subject have been published, 
but none of them have given any general method on the solution of 
separate cases, and only in this century have geometricians looked 
seriously on the dissection problem. However, in that respect, they are 
called "puzzlists" and the whole field is considered as an expanding 
collection of puzzles. 

"There are several reasons why modern puzzlists have found the 
dissection field so fascinating. First there is no general procedure 
guaranteed to work on all problems of this type, so one' s intuition and 
creative insight are given the fullest possible play" - Martin Gardner, 
"Wherein geometrical figures ire dissected to make other figures", 
SCIENTIFIC AMERICAN, November 1961. 

Since 19 56 several articles have been published in THE 
MATHEMATICS TEACHER, an official journal of the National Council 
of Teachers of Mathematics (Washington): 

a) Mathematics Staff of the College at the University of Chicago, "A 
problem on the cutting of squares" May 1956, "More on the cutting of 
squares" October 1956, "Still more on the cutting of squares" December 
1956, "New exercises in plane geometry" February 1957, "More new 
exercises in plane geometry" May 1957 and "Four more exercises on 
cutting figures" February 1958, 

b) Chester W. Hawley, Southwest Miami High School, "An observation 
on dissecting the square" February 19 58 and "A further note on 

* Nous avons accepté avec plaisir de publier cet article 
de monsieur Frank A. PIWNICKI, qui saura sûrement inté
resser les professeurs de géométrie et leurs élèves. 
Nous n'avons pas cru nécessaire de traduire en français 
le texte original pensant que sa présentation ex~ellente 
le rendra t suffisamment accessible au lecteur. 
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dissecting a square into an equilateral triangle" February 1960. 

c) The lat est article "Application of the Pythagorean Theorem in ' 
figure-cutting problem" January 1962, is one bythe author of this pa1 
in which a new approach to the "exercises", presented in above mentior 
February 1958, issue, has been initiated. 

The Mathematics Staff of the College, University of Chica1 
expres sed their opinion that "the indeterminateness of all the se proble: 
is one source of their pedagogical value ••. " - THE MATHEMATI 
TEACHER, May 1956. 

In this discussion the author, classifying material, will pres, 
his findings systematically and will attempt to prove, by demonstrat: 
typical cases of dissections, takenfrom the above mentioned publicatio1 
as well as his own, that his method is the general procedure for solv: 
the dissection problem. Although the proof is the primary objective 
this paper, the author also wishes to emphasizethat generalization de 
not diminish the fascinating and entertaining aspect of the problem, 1 
makes it more attractive, and thatitbringsout a new pedagogical vali 
Further, the author will endeavour to promote the problem into the fi, 
of science by supporting his discussion with mathematical backgroui 

This paper deals only with polygons; i.e., any closed figure whi 
is bounded by segments of a straight line and comprising all points 
its interior and on its boundary. 

In mathematical language, the problem might be defined as follov 
to determine, by geometrical construction, certain straight lines ii 
given polygon or polygons, and to prove that the parts which have be 
produced by these lines can be rearranged to form another polygon, 
polygons, of a different required shape without increasing or decreasi 
the area, 

This work will appear in two issues and will be condensed 
conform to the BULLETIN requirements. 

Part I 

APPLICATION OF THE PYTHAGOREAN THEOREM 

1) TRANSFORMATION OF THE SQUARE INTO A RECTANGLE wb 
a < .t, < V2 and a> S > fl/2. a, t and S denote the side 
the square, longer and shorter sicles of the rectangle respectively. 
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The square AC (Fig. 1) is given: E is 
an optional point on BC, Vertex A is 
connected with E. DF is constructed 
perpendicular to AE. Now the square has 
been divided into three parts which are 
labeled 1, 2 and 3, If we actually eut the 
square along AE and DF and relocate 
parts 2 and 3 to take position 2 1 and 3 1 we 
perform the transformation of one polygon 
( square AC) into another polygon (rectangle 
DH). This is the simplest case of dissection 
of polygons, 

2) FINDING THE AREA OF THE SQUARE EQUAL TO A GIVEN 
RECTANGLE 

Before demonstration of 
this problem let us recall the 
following relation between the 
elements of a right angled triangle 
established by the PYTHAG
OREAN THEOREM: The area of 
the square on an arm of the right 

H, triangle is equal to the area of a 

Iittt~i~~f ~}i ~;;:~:!~:. :~~•:~:c;;:je:t~on'~: 
.- ... ,.,.., ... ,, --:,··.,· ,,.,......... \_. the armon the hypotenuse (Fig,2), 

::::·:-;.\::(?':('.[(:,;:.,';(/\·,;-. ? B 
G 

l;J:gvre 2 

Operating on the rec
tangle DH Fig. 3: extend DFto 
X. On DX mark off DL = DG. 
Construct semicircle LD. 
Extend HF to intersect the 
semicircle at A. Construct 
right triangle DAL. Now (AD)2 
= (DF) (DL) = (DF) (DG). The 
heavy lines represent the 
necessary construction ele
ments to find the side (AD) of 
the square. Broken lines relate 
the diagrarn to the Pythagorean 
Theorem, 

Examination of the diagram 
(Fig. 2) suggests the methods: of 
DRAWING A SQUARE EQUAL IN 
AREA TOAGIVENRECTANGLE. 

Pz:gure 3 
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On Fig. 3 all three 
squares are constructed out
ward of the right triangle DAL. 
On Fig. 4 squares DJ and AK 
are constructed outward on the 
hypotenuse DL and the arm 
AL respectively. Square AC is 
built inward on the arm AD. 

3) FUNDAMENTAL CON
STRUCTION - TRANSFOR-
MATION OF THE REC-
TANGLE INTO A SQUARE 

Fig. 4 shows basically 
the same operation as Fig. 3 

-28-

G D 

with one significant chang~ In Fig. 3 the required square (DB) ~ 

constructed outward of the right triangle DAL and in Fig. 4 the requi: 
square (DB) is constructed inward on the triangle DAL. If BC 
extended it will pass through the point G to produce EG which, with 
di vides the rectangle DH into three parts from which the square DB , 
be assembled. Numerals indicate the congruence of triangles, , 
quadrilateral 1 is common. Compare Fig. 4 with Fig. 1. 

The inward positioning of the squares on the sicle of the ri 
triangle led the author to the discovery of a method, the principles 
which are outlined in this paper. The inward and outward idea will 
the subject of a separate treatise. 

The procedure shown in Figures 3 and 4 is a fundamei: 
geometrical operation of the method presented here. 

4) TRANSFORMATION OF THE RIGHT TRIANGLE INTO ASQUA 
(When S < Â- < 2 S. S and /2 denote shorter and longer sicles of 
triangle respectively.) 

K 
A right triangle D 1 

(Fig. 5) is given. Bisect (c 
GK with HJ parallel to C 
Relocate L:.. 1 to take posit 
l '. Thus Ll DKG has bt 

r--=f-:,4i,fJi;o,i,i;,.;~----''o,., :4 transformed into rectan1 

D 

GF. Transformation of · 
rectangle into a square 
explained in paragraph 3). 
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takes the place of D. ABE. 

On Figures 6 and 7 the 
triangles have to be eut into 
five parts while in Fig. 8 the 
triangle is eut into six parts. 
In Fig. 5 the triangle is dis
sected only into four parts. 

In the case represented 
by Fig. 6 D. JFK has to be 
relocated to fill out the area of 
D. JHG, then !::,. EHG takes the 
place of D. AFD and D. DCG 

In Figures 5 to 8 the shorter arm of the triangle is equal to the 
longer side of the rectangle, and the length of the second arm is twice 
that of the shorter one. In Fig. 9 the relation between the arms of the 
triangle is reversed. This case has four possible transformations as 
well. 

5) TRANSFOR1:vf-.ATION OF THE SQUARE INTO A RECTANGLE 
(when the sides are at a RATIO OF LESS THAN 1:2). 

Êlgure 9 

K 

Figures 1 and 4 show that a given 
rectangle can be transformed into only 
one square, but that a given square can 
be transformed into an unlimited number 
of rectangles. Point E (Fig. 1) may be 
placed anywhere on BC except at B. If it 
coincided with point B then AE would be 
equal to AB and we would merely recon
struct the square. If it coincided with C, 

LJ1'+LJ5'=DFA then AE would equal AC, and the square 
AC could be transformed into a rectangle 

whose dimensions would be al/"2 and alf2/2, where ais the side of the 
square. The ratio of the sides of the rectangle would be 1:2. 
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The case announced in subtitle 5) is shownin Fig. 10. Square AC 
given. Transform it into a rectangle whose longer sicle (AE) is great 
than diagonal AC (not drawn), Extend BC to X. With the radius AE a 
the centre at A, mark off E, The intersection of AE and CD mark as 
Construct DF.LAJ. In the distance equal to DF construct J I E' parall 
to AJ. It might be noticed that auxiliary lihe JJ' is parallel to BC, a 
that AE = AJ + J 'E'. The square AC has been eut into four parts indicat 
by numerals. Fig. 11 shows how these four parts have been rearrang 
to form the required rectangle DH. 

6) TRANSFORMATION OF ANY RECTANGLE INTO A SQUARE 

Rectangle DH is given. (Fig, 12). By the method shown on Figur, 
3 and 4 rectangle DH is transformed into the square AC. At the beginni: 
of paragraph 5) we discussed the movement of the point E. In Figur, 
10 and 12 point E pas sed vertex C to take various positions whi 
teoretically may lie anywhere 
between B and infinity, (In 
construction, 
will be the 
instruments). 

however, there 
limitation of 

Pis ure 12 

It does not matter how "thin" the given rectangle will "become 
or how close to infinity segment EG is placed, the rectangle will 1 
dissected into three sections obtained by cuts EG and DJ (Figures 11 ai 
12): the first section - 1::::. GHE, the second section - 1::::. DFJ and tl 
third section - trapezoid DJEG. The first and second sections ai 
always single triangles. The third one (trapezoi.d) is "sliced" into par 
with lines parallel to the sicle (DC) of the square, and at a distance equ 
to the sicle of the square. The number of parts in the third section h, 
a direct relationship with the position of point E \Or with the ratio of tl 
sicles of a rectangle). In some cases the third sections may consist of 
number of parallelograms, one pentagon and one triangle; in other case 
the pentagon may not appear. In a case when point E did not pass vertE 
C, the third section is a single triangle as 1::::. DCG in Fig. 4, but 
such a case the second section is a quadrilateral (DFEC). 
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7) TRANSFORMATION OF THREE SQUARES INTO ONE SQUARE 

Fig, 13 shows three 
squares arranged in one row, 
thus making a rectangle DH, 
the sides of which are at the 
ratio 1:3, To compare Fig. 13 
with Fig. 11 we willnoticethat 
they demonstrate basicallythe 
same idea. The difference is 
that in Fig.13 we have two 
addi tional eut s, KL and MN, 
and the sides of the rectangle 
DH (three squares), are in the 
ratio of whole numbers, 

Pi_gure 13 

8) TRANSFORMATION OF ANY NUMBER OF EQUAL SQUARES 
INTO ONE SQUARE 

We can conclude that the se are special cases when the ratio of the 
sides of a "rectangle" is a rational number. 

For clarification of this 
statement let us clas sify all 
possibilities: 

(a) If the number of squares is 
a PRIME NUMBER then the 

.F{gure 14 
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squares should be arranged in one row to make the rectangle at the 
ratio of sides l:P, where P denotes anyprime number, In Fig, 14, P = 7 
and after arranging 7 squares into the rectangle of sides, 1 line unit and 
7 line units, the problem is to transform the rectangle into a square. It 
might be noticed that one of the seven squares is not eut. Compare Fig. 14 
with Fig. 12. 



(b) The cases where the 
NlJMBER OF SQUARES IS 
(N2 + 1) will lead us to a very 
interesting feature of the 
dissection problem. N denotes 

3 
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\ 
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an integer. Fig.15 represents the case when(N2 + 1) = (3 2 + 1) squar 
= 10 squares, which arranged in one row make a rectangle DH. ln tm 
rectangle DH has been transformed into square AC. Readers will noti 
the regular pattern of little squares and their parts in square AC. , 
(hypotenuse of right triangle JDA) represents diagonals when, dra 
from two sides of the square AC, <livide each side of the square intc 
equal intervals. This pattern of cuts in square AC will be the result 
every case of (N2 + 1), including the casewhenN = l (shown on Fig. 1 

The right hand part of Fig. 15 is repeated in Fig. 16, where 6 pai 
which are not full squares (small) have been relocated to show 1 

original 10 squares, proving again that the construction is based ont 
Pythagoreon Theorem where (FA) 2 + (DF)Z = (AD)2 = N2 + 12 = 10. 

Fig. 16 suggests a SIMPLIFIED METHOD oftransforming (N2 + 
number of squares into one square. Draw a right triangle whose ar 
are equal to N and 1. The hypotenuse of this triangle is equal to 
length of the side of a required square. (On Fig. 16, N = 3). 
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(c) Again Fig.16 suggests the solutionofanother case: transformation 
of (N2 + 1) NUMBERS OF S,JUARES INTO N 2 NUMBER OF SQUARES. 

(AF) 2 = N2 = 9 and (DF) 2 = 1 then (AD) 2 = N 2 + 1. Now, the broken 
lines from Fig. 16 are transferred to Fig.17, and are shown as thick 
lines. The broken lines (Fig. 17) show how square AC is divided into 
N2 = (32) number of squares. 

(d) Transformation of Nz NUMBER OF SQUARES INTO (N2 + 1) 
NUMBER OF SQUARES can be performed by the reversed procedure 
just presented in paragraph c). Divide square AC (Fig.17) into N2 

number of squares and draw "diagonals" to <livide square AC into 
(N2 + 1) number of squares. 

(e) THE CASE WHEN N = 1 (Fig. 18) 
might be related to paragraph b). The 
transformation is so simple that the 
construction of the semicircle might be 
omitted, as the operation involves only 
right isosceles triangles. 

If we relate the case to paragraph c) 
"the diagonal cuts" BD and AC coïncide 
with the diagonals of the square AC. 

B 

1 

A 
1 

1 

Fig. 18 also illustrates the case described in paragraph 5) when 
point E coincides with vertex C in Figures 1 and 4. In that case 
(involving the rectangle), the segment CL and consequently BF will not 
exist. 

(f) If a NUMBER OF SQUARES ISA COMPOSITE NUMBER "M", then 
the number of solutions depends on the number of prime factors from 
which M is composed, and the formula for possible solutions can be 
calculated by probability. If M = 12, then the squares might be arranged 
in the form of rectangles in which the ratios are 1:12, 1:6 = (Z:12) and 
3:4. Fig. 19 illustrates the transformation of 12 squares into one square 
and shows the same procedure as in Fig. 4. (Five squares have not been 
dissected). 
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The cases demonstratE 
paragraph 8) are important 
further discussion in Part : 
this paper, 

9) TRANSFORMATION 
ONE SQUARE INTO 
NUMBER OF EQUAL SQUA 

Basically this is the s 
problem as shown on Fig, 
10 and 11 - the transformë 
of a square into a rectangle. 
difference is that the rati, 
sicles of the "rectangle" 

rational number. 
1:6 (Fig. 20). 

To illustrate, let us take a case when the rat 

Given square AC, transform it into six equal squares. 
PD ::: 1/6 of AD. Construct semicircle AD. Erect FP _LAD. Const 
right triangle AFD. Draw parallel cuts JK and LM to EA at the dist, 
equal to FD. To make perpendicular cuts to the parallels in the sq1 
AC, compare them with the corresponding cuts in the rectangle 

10) FINDING THE SQUARE ROOT OF ANY RATIONAL NUMBER 

1 
1 
1 
1 
1 
1 
1 
1 

fl_gure 20 , 

There are some methods offinding sq 
roots of small integers. Here we are goir 
introduce a procedure which is based on 

C M 

1 : 

-~------·DA --- - -'..:---- - -DA-- - -~~.a:.w~~cC.J.:c,,:.;.:2..:c~.~1:!!il;J 

discussed method of dissections and which applies to any rational num 

In the geometrical interpretation, the expression va ~b mig} 
explained as follows: if l.,- is a square root of a and is denoted a 
line units of measure, then a is equal to (bline units) 2 and repres 
CL square units. If CL is a product ôf two equal factors, then the prot 



-35-

practically does not exist. But if a, is any other rational number, it can 
be factored at least into two factors which will represent the sicles of 
the rectangle, the area of which is equal to Cl, square units. 

For example, findfu. 
We consider 10 as 10 square 
units and it might be repre
s ented by an unlimited number 
of rectangles: 1 x 10, 2. 5 x 4, 
3 and 1/3 x 3, 1/2 x 20 etc. 
For construction precision we 
should choose the case when 
the ratio of the sicles is closest 
to 1:2. However, we should 
avoid fractions which add the 
additional ope ration of di viding 
the line units into parts. Then 
the most convenient case would be to use a rectangle whose sicles are 
2 and 5 line units. 

Fig. 21 illustrates the case for finding the square root of number 
10. Broken lines refer, to the operation of transforming the rectangle 
into a square and transforming 10 squares into one square. If the problem 
is solveèl with draughtman's instruments in true dimensions (inches), it 
is easy to "read" 3. 16 on the scale. By arithrnetical process we arrive 
at the figure of 3.162 ••• (inches). 

Fig. 15 illustrates the same problem, but the sicles of the initial 
rectangle are 1 and 10 line units. 

11) TRANSFORMATION OF ONE SQUARE INTO TWO UNEQUAL 
SQUARES 

Square AC (Fig. 22) is given, Transform square AC into two 
squares, of which one has an area twice that of the other. On the sicle 
DC construct a semicircle with a radius equal to (DC)/2 and mark off 
DE equal to (DC)/3, From point E erect perpendicular EF to intersect 
the arc DC at F. Then triangle DFC is a right triangle with hypotenuse 
DC and arms DF and FC, Now let us construct squares on each sicle of 
triangle DFC, On DC the given square AC is already constructed 
(inward). On the arm DF we drawthe square FG (inward), and on the arm 
FC the square FR (outward), Draw ANlDK. Now, triangle 5', 4' and 3' 
(outside the square AC) will fill up the areas of triangles 5, 4 and 3 
(inside the square AC). 
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The square AC built 
the hypotenuse of triar 
DFC, is eut into five parts 
the segments DK and 
(segments of the borden 
squares built on the arm: 
the triangle) and segments 
and LM, all lying within 
area of the square AC, 
from those five parts the 
required squares DM and 
can be assembled. 

12) TRANSFORMATION 
ANY TWO SQUARES Il\ 
ONE SQUARE 

This operation can be easily performed bythe following proced 
shown in Fig. 23. Squares AC and AF are placed in such a way that 
side AE (of square AF) will lie on the side AD (of square AC), and 
and AB will form a straight line GB. Mark off HB equal to AG 
connect C to H, H to F. Segments CH and HF eut both squares into J 

parts from which the square HJ can be assembled. If we were to constI 
DK (Fig. 23) perpendicular to JC, then (JK)/(KC) would define the r, 
of the areas of the squares used in the operation. 

4 

A 

Fig. 24 illustrates the same problem as Fig. 23 but performe< 

a different way. 

Compare Fig, 24 with Fig. 22 to find that they demonstrate 
same construction, except for the ratio of the squares. 

Part II will appear in a later issue of the BULLETIN. 

St. Eustache sur-le lac, Queb, 


