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NOTES ET PROBLEMES DE MATHEMATIQUES 

Sous cette rubrique, le Bulletin publiera les énoncés de 
problèmes proposés à des concours ou examens dans diverses régions du 
monde. 

Cette série débute par la publication des textes de "Con
cours Mathématiques" organisés par la Société mathématique du Canada 
dans les Provinces autres que le Québec. Nous publions les énoncés dans 
la langue originale afin d'éviter les erreurs et les mauvaises interpré
tations qui pourraient être dues à-. une traduction. 

CANADIAN MATHEMATICAL CONGRESS 
1 

SCHO LARSHIP EXAMINA TION FOR GRADE XI, NOV A SCOTIA 

May 1960 

Time: 2 hours. 

A small number of questions well answered will receive 
more credit than a large number of fragments. 

1. Find the value of 

2. 

2 + .l. + 4 + l + 8 + l + 16 + _!_ +. . . . + zn + .l 
2 4 8 16 2n 

1 If a, b, c, forma G. P., show that 
b-·il: 

1 1 
• =-=• and --· form an A. P. 

2b b-c 

3. According to Einstein' s special theory of relativity, the relation 
between the mass, m, of a moving object and its mass, mo, when 
at rest is given by mo 

m -= -\Tl~--...... ;r---
\ · - -":2 
,/ C 

V 

where v is the speed of the object and c is the speed of light. If an 
object is moving at (a) 1/2, and (b) 1/10 of the speed of light what 
is the ratio of its mass to the mass that it has when at rest? 

4. A man is 1/ 4 of the way across a railroad trestle when he sees a 
train one trestle length behind bim approaching the trestle at a uniform 

-



speed. Which way should he run? Explai11 your ~nRwer i11 det.-aJl~ 

5. Show that if a = c in the equation ax 2 + bx + c r 0 then the roots 
are reciprocal. 

6. Let ABC be a triangle, with right angle at Band sides a, b, c oppo
site angles A, B, C respectively. Let p be the length of the perpen
dicular from B to AC. Show by expressing the area of the triangle 
in two ways that pb = ac. Bence deduce that 

7. Construct a triangle, having -given the base, and the altitude, and 
having its vertex on a given straight line. Prove your construction. 
(When is the construction impossible?) 

8. Consider a circle with centre O. Let P be any point inside the 
circle but not at O. Draw the least possible chord through P. Prove 
your construction. 
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THE CANADIAN MATHEMATICAL CONGRESS SCHOLARSHIP 

EXAMINATION 

NEW BRUNSWICK, 1960 

SECTION A 

DO NOT ATTEMPT MORE THAN 1WO QUESTIONS 

Prove or di sprove: xS- 2 9 
(a) The number 2 is a rootof __ · + ~r~ = -- + 

x x +6 x+l 
85 
7 

(b) There are no numbers x and y which satisfy _l_ + _l_ = 2 
X y x+y 

1 + 1 2 (c) If ab= y and_ 82 ~ ==x,then (a+ b) y(xy + 2) 

(d) The equation 4 x + 3 = 126 + 4x bas only one solution. 

2. (a) If you have a rectangular sheet of paper, can you trim one 
edge of the paper to obtain a rectangle whose area and perimeter 
are half the area and half the perimeter of the original sheet? 
Show all work leading to your conclusion. 

(b) The electrical resistance of wire varies directly as its length 
and inversely as the square of the diameter. Two pieces of 
wire of the same material have their diameters in the ratio 
3:2 and the length of the first piece is 42 ft. The resistances 
are in the ratio 8:3. Find the length of the second piece. 

3. (a) For what acute values of the angle x are the following statements 
true? (Give rea sons. Y 

( i) sin x + cos x = 2 
.:; 

(ii) cos x = 4 sec- x 

(Üi) sin x ::: sec x 

(iv) ____ 8 ____ <-1_6_ 
5 + 3 sin x ' 13 

(b) Prove that if u = a2 tan2 x + b2 cot2 x, then u also equals 
(a tan x - b cot x)2 + 2ab. Bence find the least value of u, ahd 
the value of x for which u attains this value .. 

4. A, X, B, Y are four points in order in a straight line. AX is 2 
units, AB is 3 units, A Y is 6 units, P is a point 4 units from A 
and 2 units from B. Prove that XPY is a right angle. 



SECTION B 

ATTEMPT AT LEAST THREE QUESTIONS 

5. Find the condition that the roots of x?- + 2bx + c = ·o may be formed 
from the roots of x2 + 2qx + r = ü, by adding the same quantity to 
each root. 

6. (a) The numbers 5, 11, 21, 35 - - - form a sequence such that the 
' nth number is given by the formula 2n2 + 3-.- Check this for 

...., n = 1, 2, 3, 4 and the 9th number of the sequence. 

(b) Find a formula for the nth number of the sequence 

(i) 1/2, 1/3, 1/4, 1/5 --------
(ii) 3, 8, 15, 24, 35 ----------

(c) If the sum of the first n numbers of a sequence is given by 
2n3 - n, what is the 5th number of the. sequence? Thus cons
truct the first 5 numbers of the sequence. 

7. If ABCD is a rectangular door hinged along BC and if AB '.= 4 ft. , 
BC = 8 ft., calculate the angle between the initial and final positions 
of the diagonal AC when the door is opened through an angle of 60°. 

8. Draw a circle of radius 1 unit. Let AB be a diameter of this circle, 
and O the centre. Choose a point C on the circumference such that 
the L;'...Boc B Lx is an acute angle and draw CD perpendicular to 
AB, meeting AB ~t D. By finding the angles OAC, BCD in terms 
of the angle X, and the lengths of 0D, BD, AC, BC, show that 

9. 

for acute angle X: 

(a) 1 :. - -sin X (b) 
1 1 - cos X tan 2x = tan -X = 

1 + cos X 2 sin X 

=~ 

1 

=J 
1 1+ cos X (b) sin - X (d) cos -X 
2 2 2 

ABC is a triangle in which AB > AC. The perpendicular bisector 
of BC meets the bisector of ,L.BAC at P, Prove that P lies outside 
the triangle. 

If PX and P11- are the perpendiculars from P to AB and AC produced, 
prove (i) BX == CY (ii) it is impossible for X to lie on AB produ
ced and Y on AC. 
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10. TP, TQ are tangent to a circle; R is any other point so that TP = TR. 
RP and RQ meet the circle again at A and B. 

Prove ( i) L PRQ and L PQR are half of L QTP and L PTR ( or reflex 
PTR) respectively; (ii) AB is a diameter of the circle. 

DEPARTMENT OF EDUCATION~ ONTARIO* 

Annual Examinations ~ 1959 

GRADE 13 

Note:l. Ten questions constitute a complete paper. 
Note 2. A supply of squared paper and a book of mathematical tables may 
be obtained from the Presiding Officer. 

1. Prove the following identity: 

a Co· b'?n + aC1· bcn-1 + · · ·+ a~n-l"bcl + aCn· bco =(a+ ijcn. 

2. Prove that ~~5~, is not a rational number. 

3. The following advertisement appeared in a newspaper. 

Our car 
Your car 
Balance 
4 1/2% finance 
charge for 18 
months 

$2295.00 
$1295.00 
$1000.00 

$ 67.50 
$1067.50 

18 equal payments of $59. 31. 

Explain why the interest rate of 4 1/2% is inaccurate, and find the rate 
of interest which a purchaser would really be paying. (Assume interest 
is compounded monthl y. ) 

4. Let 

* La Société Mathématique du Canada n'organise pas elle-même un Con
cours en Ontario. Ses prix sont attribués selon les résultats obtenus 
à un examen organisé par le Département de 1 'Instruction Public d 'On
tario (Department of Education). Il ne s'agit pas de 1 'examen régulier 
d 'Immatriculation mais d'un examen spécial auquel les meilleurs étu
diants sont libres de se soumettre. 
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be n+l points on the x- axis. Ordinates are drawn at these n+l points to 
meet the parabola y :::: 1 + x2 at the points B0 , B1, B2, .... , .B:n- Bn, res-
pectively. Horizontal lines B0 C1, B1 C2, B2C3, ..... , Bn-1Cn; are then 
drawn so that C1 lies on A1B1, C2 lies':on A2B2, ètc. 

(a) Write an expression for the sum of the areas of all the rectangles 
A0 ~Çf,.t , A1B1C2A2, .... ,An-1Bn-1CnAn. 

(b) Show that this expression can be written as 

(c) Find what number is approached by f(n) as n becomes larger and 
larger, and explain what this number represents. 

5. (a) If the line y = ill~,+ c i s tangent to the curve 
show that C 2 + ifa2m2 - ;z: 

(b). Chords of the circle x2 + y2 = r 2 touch the hyperbola b2 x2 -
a2y2 = a2b2. Find the equation of the locus of their midpoints. 

6. Show that the portion of any tangent included between the asymptotes 
of a hyperbola is bisected at tt;ie point of contact, and forms with the asymp
totes a triangle of constant area. 

7. Prove that all lines which make intercepts on the x and y axes, the 
sum of whose reciprocals is a constant k, pass through a fixed point. Find 
the coordinates of this points. 

8. The transformation known as inversion with respect to the circle 
C: x2 + y2 =:t2 associates with a given point P (x, y) a point P1 (x1, Y1) 
where 

xi 

( i) Prove that 0, P, P1 are collinear and express x, y 
in terms of x1, y1. 

(ii.),Show that every point of C remains fixed under the 
transformation. 
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(iii) What is the inverse of an arbitrary circle through 
the origin? What is the inverse of an arbitrary cir
cle in the plane? 

(iv) Describe carefully the inverse of the family of lines 
through the point (0, r). 

9. Consider the function sin (1T"cos x). 

(a) Is the function periodic? If so, what is its period? 

(b) Give all the values of x for which the function attains its maximum 
and all values for which it attains its minimum. 

(c) Draw the graph of the function for =7\ "~ .( T\ 

(d) Describe the symmetry of the complete graph. 

10. Show that 2 cot 8 - 2 cotc28 - csc 8 is positive for all angles 8 for 

which 0 < 28 (Tt'· 

11. Explain how a boat is able to sail in a direction nearly opposite to 
tlnlt of the wind. If its sail be considered as a rigid plane, show that it 
should be set so as to bisect the angle between the keel and the apparent 
direction of the wind in order that the force to urge the boat forward may 
be a maximum. 

12. A uniform heavy bar 20 feet long, with its lower end on a floor, 
rests on a railing with 5 feet of its length projecting over the railing. 
The inclination of the bar to the horizontal is 45°. Given that the contact 
between the bar and the railing is without friction, find the least value of 
the coefficient of friction between the bar and the floor, in order that 
the bar should not slide,. 
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·MANITOBA MATHEMATICAL CONTEST, 1959 

Sponso:r~d by . . 

THE CANADIAN MATHEMATICAL CONGRESS 

For Students-in 

Grade XI 

Part A (75 minutes) 

Simplify ( a + b) ( a _ l + b -1 ) -1. 

2. The rear wheel of a wagon makes 88 less revolutions than does the 
front wheel in going one mile. The circumference of the rear wheel is 
3 feet more than that of the front wheël. Find the circumference of each 
wheel. 

3. Solve the equations: 

2 2 
X - 2xy + y = 4 
x2 + y2 = 7 4 for x and y. 

4. Show that it is impossible to construct a circle to pass through three 
collinear points. 

5. If a quadrilateral is circumscribed about a circle,'.~pr<;>ve· that the 
angles subtended at the centre by a pair of opposite sides are supplemen
tary. 

Part B (90 minutes) 

a C a+c Ja2+ 2c2 1. If = ' . show that - = fi;l i 2d'z · b d b+d 

2. If x + y+ z = 0, show that x3 + y3 + z 3 = 3 xyz. 

3. In the accompanying figure, the line;; ABC is parallel to the line 
DEF, B is the midpoint of AC, and E is the midpoint of DF. 
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G is the point of intersection of BD and AE. H is the point of intersection 
of AF and BE. lis the point of intersection BF and CE. 

Show that G, H and I are collinear. 

4. A, B, C and D are points on the circumference of a circle or radius 
5 inches. The chords AB, BC and CD are each equal to 8 inches. The 
chords BA and CD produced meet outside the circle at K. Find the dis
tance from K to the centre of the circle. (Leave your answer in a form 
involving square roots.) 

S. Tom, Dick and Harry each have a number of red, green, black and 
yellow balls in their possession. 

In one of the four colours, the numbers of balls which '.Tom and Dick -
have are different, but in the other three colours the numbers which they 
have are the same. 

In two of the four colours, the numbers of balls which Dick and Harry 
have are different, but in the other two colours the numbers which they 
have are the same. 

Show that, in at least one of the four colours, Tom and Harry have 
the same number of balls. 
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UNIVERS ITY OF SASKATCHEWAN 

Grade XII Academic Competitions 

Time:2 hours Ma the ma tics 

1. Solve for x and y 

2x+y = 6Y 

3x = 3° 2Y+l 

given that log J.è)2 = . 301 and log 103 = . 477 . 

May 5, 1960 

2,; Two casks A and B were filled with two kinds of sherry, mixed in 
the cask A in the ratio of 2 : 7, and in the cask B in the ratio 
of 1 : 5. What quantity must be taken from each to form a 
mixture which shall consist of 2 gallons of one kind and 9 gallons 
of the other? 

3. In a group of points, every point ïs connected with every other 
point by a straight line. There are 300 straïght lines. How many 
points are there? 

4. If the sum of an arithmetic progression is the same for p terms 
as for q terms, where p f. q, show that its sum for p + q terms 
is zero.., 

5,. The interior of a room can be painted at a cost of $12. 00 but the 
painting must be renewed every two years, If money is worth 6 per 
cent per annum, how much can one afford to pay for papering the 
room if the paper ha s to be renewed every four years? 

6. The equation x2 - (2k + 1) x + 2k = 0 has one root double the 
other. Find the value of k. 

7. The base of a triangle whose area is 26 joins the points :P1 (5, O) 

and P 2 (0, 12). Find the equations of the locus of the third vertex. 

8. Find the shortest distance from P 1 ( - 3, 9) to the circle 

x2 + y2 - lO;x + 12y - 3 . = 0. 

• 
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9. A parabolic headlight formed by revolving an arc of a parabola 
about its axis is 6 in. de~p and the diameter of its face is 5 in. 
Find where the light should be placed so that the rays emitted by 
the parabolic reflector wilFbe parallel. 

10. A mast i:s secured by three equal stays connecting its highest 
point with three pegs on the ground at the corners of an equil
ateral triangle. If the'. length of each stay is 45 feet and the 
distance between two pegs is 30 feet, find the height of the mast. 
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ALBER TA MA TRICULATION SCHOLARSHIP EXAMINA TION 

1959 

Sponsored by 

THE CANADIAN MATBEMATICAL CONGRESS 

Time: 3 hours 

ANSWER AS MANY QUESTIONS AS YOU HAVE TIME FOR. THEQUES
TIONS ARE NOT ALL OF EQUAL WEIGHT. 

1. 

2. 

Solve the following equa tions, or systems of equations: 

(a) 2x + 3 + V 3x-2 = 9 

(b) x3 + 3x2 - 4x - 12 ::.... 0 

(c) 

(a) 

6 15 
4 - + - = 

X y 

~ - !§ = 1 
y z 

14 + 12 s. -
X z 

Given tha t the roots of 
the condition on 

m = 
1 
n 

a, 

(i) 

(ii) m = - n. 

b 

t 

(b) Show that n ~ 
(n-2) ! 2: 

ax2 + 
and C 

+ 

bx + C = 0 are m 
in or der tha t 

(n+l} .' = n2 
(n-1) ; 2 ~ 

and n, find 

3. ABCD is a kite-shaped figure with AB = AD, CB = CD. Find the 
point P the sum of whose distances from the four vertices is as small 
as possible. 

4. Six papers are set in an examination, two of them in mathematics. In how 

9 
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Yfilany dif.ferent orders can the papers be given, provided only that the 
two mathematics papers are not consecutive? 

S. (a) Prove the identity sin (A+B) sin (A-B) : Sin2A - sin2B. 

(b) A vertical flagpole stands on a hillside which makes an angle A 
with the horizontal. At a distance k down the slope from the 
pole, it subtends an angle B. Show that the height of the pole is 

k sin B 
cos ( .k + B) 

6. (a) If f(n) :: n (n+l) (n+2) (n+3) + 1 , then f (1) :: 25 - s2 , 

f (2) :: 121 :: 112 , f (3) = 361 :: 192 . 

7. 

Is f (n) a perfect square for all n? Prove your assertion. 

(b) Let g(n) : n 2 - n + 41. Then g(l) = 41, g(2) ., 43, g(3) .. 47, 
all three of which are prime numbers. Is g(n) prime for all n ? 
Prove your assertion. 

(a) 
1 

What is the coefficient of r2 in the expansion of _ . , 
\/ r2-2r cos 8 + 1 

in powers of r? 

(Hint: First expand in powers of r2 -2r cos 8 . ) 

(b) The first three terms of an arithmetic progression are 

m, 4m-1, Sm+3. 

What is the sum of the first 4m terms? 

8. Write a short essay (not more than one page) explaining carefully why 
and how it is possible to a ttach definite meanings to fractional, zero 
and nega tive powers of a positive number. 

9. A golfer can score 2, 3, 4, or 5 strokes per hole. In how many dif
ferent ways can he score 25 in 6 holes? 
(The holes are regarded as distinguishable; e. g. 5, 5, 5, 5» 3, 2 
and 5, 5, 5, 5, 2, 3 are to be counted as two different wa ys of scoring 
25. ) 
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10. The lines OAB and OC intersect in O 1 with OA = a, OB = b. A 
point P moves along OC, and P1 , P2 are any two positions of P 

such that the angles AP1 B and APzB are equal. Prove 

OP1 • OP2 = ab. 

At what distance of P from O is the angle APB a maximum? 

(Hint:: First show that the required position of P lies between every 
pair of positions such as P1 , Pz . What happens when P1 , P2 
are nearly coincident?) 

11. What is wrong with the following argument? 

(x+1)2 "' x2 + 2x 4- 1 

12. 

(x+1)2 - (2x+l) = x2 

(x+1)2 ~. (2x+l) - x(2x+l) = x2 - x(2x+1) · 

(x+1)2 ,7 (x+l_) (2x+l) + 1 (2x+1)2 = x2 - x(2x+l) + f (2x+1)2 

r,~= 1 'f2 ··· 1 î" 2 
~t,(x+l) :? 2 (Qx+l) il :: x - z (2x+l)j 

1 . 1 x+l - 2 (~x+l) - x - 2 · (2x+l) 

1 :: 0 . 

:l?Q is a chord passing through the focus (a, o) of a parabola with 
vertex at the origin. If the slope of PQ is m, show that the 

2 
co- ordinates of its midpoint are a(l + ";;;i) 2a 

m 
. Hence show 

that the locus of the midpoints of all chords passing through the 
focus is aga in a parabola, and find its foc us and directrix. 

13. Given m vertical and n horizontal lines, show that the number 
of rectangles which can be formed having segments of these lines as 
sides, is 

E 
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p 
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S, 
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